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Figure 2

Theorem 1. (Equivalence of MLTL Rewrite Rules) Let ¢, 1, o1, 02, @3
be well-formed MLTL formulas and a, [, u, l1, us, la, us, l3, uz € Ny such that
I <wu, ly <ug,lo <wug, ls <wus. Then each rewrite relation () in Fig 2 is
also an equivalence relation.

Proof. We prove each rule in Figure 2 is semantics-preserving i.e., the right-
and left-hand sides of the — operator are equivalent. Recall that two MLTL
formulas ¢, 1) are equivalent only if 7 |= ¢ <> 7 |= ¢ for all 7.

(R1) Let ¢ be an MLTL formula, 7 be a trace, and 1 < uy,ly < uy. We prove

(=)

™ ': D[llyul]D[12>u2}(p om ': D[ll+l2,u1+u2](p'

Let 7 be defined such that 7 = Oy, ) 0p, 0,9 We show that
7 = 04y 415,u1 +us)® using the MLTL semantics. By the semantics of
O, we know that for each i € [I1,u1], m; = Oy, u,)e. Intuitively,
this means that 7 satisfies ¢ at timestamps [l3, us] relative to i i.e.,
7 = @ starting at timestamp ¢ + lo and ending at timestamp 7 + us.
So, applying the semantics of []; again, we have that m;4; = ¢ for
each i € [l1,u1], 7 € [la,uz]. By the definition of trace suffixes,
this means that 7 | ¢ for each k € [l; + I3, u1 + us]. Therefore
T ': D[ll+lz,ul+u2]9@'

Let m be defined such that @ = Oy, 11,0, 4us)9- We show that
T = Oy u0]Opi,u) - Then m = ¢ for all k € [l + Iz, u1 + us).
Splitting this interval into two intervals, we have that w1 ; = ¢
for each i € [l;,u1], j € [l2,us2], as in the converse proof. Then
7 = Opy uOps,us) by the semantics of Oy



(R2):

The proof for the ¢ version of (R1) is symmetric.
Let ¢,1 be MLTL formulas and I3 < ug,ls < ug. We prove

D[lhul](p v D[lz,uz]w = D[l37ug] (D[llflg,u17U3]<p \/ D[lQ*lg,uzf’uﬂqﬂ)

for any I3 = min(l1,ls), us = I3 + min(u; — ly,us — lz), I3 < ug using
established equivalences and the MLTL semantics. Using (R1), we see
that

D[ll,ul]@ /\ D[ZQ,UQ]’(/} = D[lg,lg]D[ll—l;;,ul—lg]go /\ D[lg,lg]lj[lz—lg,ug—lg]w‘
This follows if both intervals [I1 — I3, u; —I3], [l2 — I3, ug2 — I3] are valid i.e.,
(a) 11713 Z O, (b) lgflg Z O, and (C) 11713 S Ulflg, (d) 12713 S u27l3.

(a) Recall that I3 =1y, then I3 <.
(b) Recall that I3 =1; < 12, then lo — I3 >0 — Iy > I3 — I3 <5 holds.
(c) Since I3 < ug, we see that I3 — I3 <wu; —Il3 = I3 < wuy holds.
(d) Since Iz < ug, we see that Iy — I3 < ug — I3 — lo < ugy holds.
Now, let uz = I3 + min(u; — ly,us — lz). Applying (R1) once more, we
have
D[l37l3]D[ll_l37ul_ZS]<p A D[ls,lg]D[lg—lg,UQ—lg]w =
D[lg,u;ﬂlj[ll—lg,ul—ug]w /\ D[l3,U3]D[lz—l3,uz—ug]w
Since this only affects the upper bounds of the inner [J operators, we show
that (a) l1 — l3 S U1 — us and (b) 12 — l3 S U2 — U3.
(a) Consider the two cases of u; — Iy <wug —lp and ug — Iy < uy — Iy:
i. Assume u; — 1 < ug — lg, then uz = uy — Iy + I3. Replacing this
in the target inequality, we have

h—l3<us—(u1—li+1l3) > L —ls <l =3

ii. Otherwise, us —ls < u;—1I;. Then uz = us —Ils 413, and replacing
this in the target inequality, we have

llflg S ul—(u2—12+lg) —0 S ul—lg—(UQ—lg) — UQle S Ulflg.
Now, since I3 = l1, we have us — I < uy — Iy which is true from
our assumption.

(b) Consider the two cases of uy — 1 < ug — Iy and us —lo < ug —Iy:

i. Assume u; — 1 < us — la, then ug = uy — I + I3. Replacing this
in the target inequality, we have

lo—ls3<ug—(ug—li+13) 2 la—lg<ug—us +1; —lzg —
Iy <upg —up +1l —up — 1 Sug —ly,

which is true from our assumption.



ii. Otherwise, us — Iy < uy — Iy, then uz = ug — ls + 3. Replacing
this in the target inequality, we have
lo —l3<ug—(ug —la+13) =2 lo—lzg<ug —ug +1lo —lz =
lo <ug —ug + 1o — 1y <ls.

Finally, let m be a trace. We prove that

™ ': D[la,us]D[ll—lg,ul—lg—u;;]@ /\ D[lj,ud]D[lz—lj,UQ—l\g—ud]w <~
™ ': D[lg,ug](D[ll—lg,ul—lg—ug]w /\ D[lg—lg,uz—lg—uy,]d))'

(a) (—)) Let 7 be defined such that m ': (D[l37u3]D[ll,ul]@)/\(m[lg,ug]D[lg,uz]w)-
We show that m ': D[laﬂia](D[ll—l?,,ul—ls—us]cp/\D[lz—lmu’z—l?,—ug]w)
using the MLTL semantics. We apply the semantic definitions of A
and O; to see that m; = Oy, )¢ and 7; = Oy, y,1% for all i € [I3, us].
Combining these relations using the semantics of A once more, we see
that m; = Oy uy)0 AOp,,u,1% for all @ € [I3,u3]. Using the semantics
of O again, we see that 7 = Ojy, wa) (O, w9 A Oty ug)¥)-

(b) (+) Conversely, let 7 be defined such that 7 = Oy, ,) (O, 009 A Oigug)¥)-
We show that 7 = (O, us) Ty ,u119) A (Otgus) Ot ue)?) using the
MLTL semantics. Then 7; |= Oy, )¢ and m; |= O, 4,07 for all i €
[13,u3]. Using the semantic definitions of A and Oy, we see that 7 =
Otgua1 Bt ,ua) 20d 7 = Ojtgug) Ot us) ¥, 80 T = (O ug) Bty ua)9) A
(Ot ua) Dtz ua) ¥)-

The proof for the ¢ version of (R2) is symmetric.
: Let ¢ be a MLTL formula and | < u. We prove

Oa,a)01,1% = 0,00,

using established MLTL equivalences. Using Equation 3 and (R1) to ex-
pand the expression until we have a of the U 1) operators in lines 3 and
9 of the following proof we can show:

D[l,l]D[a—l,a—l]O[l,uW
-+ - Applying a times
= Uy Upgfuue
=0 O 0nuw
= <>[l+a,u+a]<P

Ola,a)Op1,0)%

= Qlira—1,uta—11001,1)9
--- Applying a times
= <>[l,u]<>[1,1]~ - 0[1,1]90
= O[l,u]D[l,l]' Uy
= O, Ulaa) -

The proof for the O, ) version of (R3) is symmetric.



(R4):

Let ¢ be a MLTL formula and I3 < wuq, lo < ug, I3 < lo < up + 1,
us = max(ui, ug). We prove that

D[ll,ul]SO /\ D[lg,’u&]@ = D[ll,ug]so'

We first show that m = Oy A Ojg1,9 <> ™ = Op e for any trace pi
and [ < u.

(a) (—) Let m be a trace such that 7 = O ¢ A Opg1,09. We show
that 7 = Oy )¢. From the semantics of [J and (R1), we see that
m; =@ for all ¢ € [I,1] and 7; |= ¢ for all j € [l +1,u]. Now, since
DU+ 1,u] = [, u], it follows that 7, = ¢ for all k € [I,u]. This
matches the semantic definition of [J and therefore 7 |= Ojj 6.

(b) (+) Conversely, if 7 is a trace such that 7= = Oy ¢, then 7 |=
Oppe A Opga,u)e because m; = ¢ for all i € [I,u] where [1,1] U [l +
1,u] = [l, u] as before.

From above, we can expand each [J; operator to a conjunction of sin-

gleton intervals, remove repeated conjunctive clauses, then use the above

equivalence again to simplify:

Oty 0119 A Bt a1 =(0p,10190 A Ot 41,017) A Ol us) 9

=-.. Applying u; — [ times
(D[lhll](p ARERRA D[ul,ul]ﬁp) A D[lzxuz](p
E(D[lhll](p ARERA D[ul,ul]@) A (D[lz,lz]@ A D[lerl,uz](p)
=... Applying us — Il times
D[ll,ll]so /\ e /\ D[ul,ul]w /\ (D[lg,lg]so /\ e /\ D[uz,uz]@)
ED[ll,ll]gO /\ e /\ D[lz*l,lz*l]w /\ D[l2,l2]<p /\ e /\ D[uz,uﬂw
ED[ll,llJrl](p ARRAN D[lg*l,lz*l]@ A D[lg,lg]w AERAN D[uz,ug]ﬁo
=...Applying I — [; — 1 times
=002 A D109 A A D g 0]
-+ Applying us — ls + 1 times

:D[lhuQ]SD

Note that from lines 6 to 7 we remove repeated clauses e.g., lo < u; < ug
so there must be two instances of the expression [y, ,,,]% in the formula.

The proof for the ¢ version of (R4) is symmetric.

: Let ¢ be a MLTL formula and I3 <ls < ug < u;. We prove that

D[ll,u1]§0 \/ D[lzfuz]w = D[lgﬂl,z](p'
We first show that

T Opu® V Opua)e < 7 Opuye

for any trace m.



(a) (—) Assume for the purposes of contraction that 7 is a trace such
that 7 = Uit,uy)% V O ug) e but m# Opy oy 1. Therefore there is some
i € [, u1] such that m; ¥ ¢. By (R1), we see that

Olt,u1® V Opue1 = Upua) @ Y Ujo,us —ua Utua @

But 7 ¥ U w19 V Uoug—uy Ojtuy ) since m ¥ O . Therefore if
T D[l,uﬂ‘ﬁ V D[l,u2]§07 then 7 ): D[l,ul]@~

(b) (+) Conversely, assume that 7 is a trace such that 7 = Oj . 0
but 7 ¥ U u,)% V Ujru, - But this is a contradiction, since by the
definition of disjunction, if 7 = Oy )¢, then m = Op o190 V Ojp g @
since the left-hand disjunctive clause models w. Therefore if 7 |
D[l,ul]()oa then 7 ): D[l,ul]@ V D[l,ug](p

Next we consider the cases for when [; < Iy and {; = 5.

(a) (I3 < lp) Starting from the left-hand side of the equivalence, we use
(R3), the above equivalence, and the Absorption Law of Propositional
Logic to show that:

Otts a1V Btz 0219 = (Bt t2=109 A Dtz a1 0) V B a1

2 =112 A Bpi2,019) V Uitz ]

5[11,12 Y D[zwzrp) A (Bliz,u112 V Otz us)P)

e =112V Btz 0219) A Dtz 10

(b) (I3 = l2) Then starting with the left-hand side, replacing Iy with Iy
and using the above equivalence we show:

D[ll,ul]ﬁo \/ D[ZQ,UQ]SD = D[ll,ul](P \/ D[ll,uQ](P
= D[ZQ,UQ]SO

(R6): Let ¢,1 be MLTL formulas, 7 be a trace, and I < u. We prove that

™ ': D[a,a](@ u[l,u]w) o ': ¥ u[l—&-a,u-&-a]w

(a) (—) Let m be a trace such that m |= Ojg (¢ Upu?). We show
that ™ = ¢ Ujta,uta?. By the semantics of Oy, ), we see that
Ta = @ Uy . Similar to the proof for (R1), we say that m, =
© Uy ¥ relative to the bounds of [I,u]. For instance, if 7441 = ¥,
then 7, = ¢ Uy 3. We then say that there is some i € [I,u] such
that mo4; = ¢ and for all j € [l,u] such that j < i, meq; = .
This directly corresponds to the semantics of Ujj1q,u1a]; SO therefore
m ': 2 u[l-&-a,u-&-a]w'

(b) (=) Conversely, let 7 be a trace such that m = ¢ Ujj4q,u+q%- Then
m; = for some i € [+ a,u+a] and 7j = ¢ for all j € [ +a,u+d]
such that j < i. Therefore it follows that 7 = O, o) (¢ Upp,¥) from
the MLTL semantics.



The proof for the ¢, q) version of (R6) is symmetric.

(R7): Let ¢1, 92,93 be MLTL formulas, = be a trace, and | < uy, | < wus,
u1 < ug. We prove that

7 (01 Uy p2) A (93 Uptus)p2) < T (01 A 93) Ut uy)p2-

(a) (—) Let m be such that 7 = (o1 Upu,jp2) A (93 U, w2). We
show that 7 = (¢1 A ¢3) Ujpu,)p2. From the semantics of U, there
must be some i € [l,u1] such that m; = @2 in order to satisfy the
clause @1 Uj 4, p2. Further, using the relation u; < up, we know
that m; = ¢1 and 7; = @3 for all j € [l,u1] C [, ug] such that
j < i. Putting this all together using the semantic definition of U7,
T = (01 A w3) Upu o2

(b) (+) Conversely, let m be such that 7 = (o1 A @3) U u,j02. Then

T = (01 Upuyw2) A (03 Upa,)pe) because m; = @o for some i €
[l,u1] C [l,ug] and 7; |= @1 and 7; = @3 for all j € [I,u;] such that
j<i.

(R8): Let ¢ be a MLTL formula, and I; < u;. We prove that

@ Uity ) 010,u019 = Dy g us) -

We first show that

OV (Opge A (e Upgr,¥)) = » U
for any trace 7.

(a) Let m be such that 7 |= Oy ¢V (Op oA (@ Upg,4)%)). We show that
T = o Uy 9. Distributing the Oy ;7% in the left-hand expression, we
obtain the formula (D[Ll]d)\/m[l,l](ﬂ) A\ (D[H]Q/J\/(p u[l—i—l,u]d’)- Consider
the case where m; [= 1, then 7 |= ¢ U} 7 by the semantics of U.
Otherwise, m; [~ 4, then m |= ¢ and ¢ Ujqq 9. It follows that
T = @ Uy u7p by the semantics of U.

(b) Conversely, let m be a trace such that 7 = Oy 9V (O oA (@ Upgr,m¥))-
Then 7 = ¢ U u1p because either m %= ¢ and m F ¢ or m =
o Upt1,u)¥-



Now using the above equivalence, (R4), (R5), and Equation 3:

© Uptuy1(T10,u219) =00.000,us19 v (Op,ge A (© Upa,u,]Dj0,us)9))
=05 14us)e V (e A (© Upga,u,10(0,u9))
=0p14us192 vV (Opge A (Opgt,i414us) @
V (Opt1,i49 A (9 Ung2,u,)00,u019)))
.-+ (Applying u; times)

=0004u) vV e A G A (O = 1,01 +us—119V
(Otus 1,0 -119 A 0 Uy 101 500,u219))))

=0004u? VY Opge A G A O - 1,01 4us 119V
(Orur—1,u-11% A Oy ] Dj0,u219))))

=0004u) vV e A G A (O - 1,01 +us—119V
(Orur 1,0 -9 A Oy us4ua]9))))

=00 14ua12 Y Opge A G A Oy 1,01 +us—1) PV
D[ul—l,u1+u2]@)))

=00 04u12 vV Opge A G- A O, —1,004us]9))

=--- (Applying u; times)

O ituz)®? V (O +uz)P)

=001 ug) @

O

Theorem 2. (Memory Reduction of Rewriting Rules) Let ¢, 11, 12 be
well-formed MLTL formulas where 11 is a sub-formula of ¢. Then applying a
valid rewrite rule in Figure 1 to ¥y will result in a new formula (11 — 19)

such that ¢ = (11 — 12) and

memast(p(P1 — Pa)) < memast(p)

Proof. (R1): Then 1 = Oy, 4,100,401 and v = Oy, 4, 0y 4us) @ Where I; < uy
and Iy < us. Therefore, because ¥1.wpd = p.wpd + w1 + us = Ys.wpd and
11 = 19 by Theorem 1, we have memast(p(¢1 — 12)) —memasr () <
memast(p) — memast(Y1).

Next, using Lemma 1 we see that memnode (1, u11) = MeMnode (O, +12,u +us])



(R2):

since ¥1.bpd = p.bpd + 11 + lo = ¥9.bpd. Then

memasT(p(Y1 = ¥2)) =(memasr(p(Y1 = ¥2)) — memasr(2)) + memasr(12)
=(memast(p(¥1 = ¥2)) — memasr(¢2))+
meMnode( 1, +12,u14us]) + MeMAsT ()
<(memasr(p) — memasr(P1))+
meMnode (D[t 15,0 +us)) + memast ()
=(memast(p) — memasr(¥1))+
meMnode(1; uy]) + memasr ()
<(memast(p) — memasr(P1)) + memupode(Dpp, uy))+
meMnode(D[i;,u]) + Memast ()
=(memast (@) — memasr (1)) + memasr (1)

=memast(®)
The proof for the rule O, w,1012,u2)%P = Oty +12,u1 +uz) P follows.
Then 1/)1 = D[h,uﬂ@l/\m[lg,ug](ﬁQ a‘nd wQ = D[lg,ug}(D[llflg,ulfug]gol /\ D[lg*lg,’tly*’ug}(pQ)

where 1 < uy, lo < ug, I3 = min(ly,1z), us = I3 + min(uy — l1,us — l2).
We show that
Y1.wpd =max(p.wpd + uy, p.wpd + usg)
=maz(p.wpd + uy + (uz — u3), p.wpd + uz + (uz — u3))
=maz(p.wpd + ug + (w1 — us), p.wpd + uz + (u2 — ug))
=ugz + max(p.wpd + (w1 — uz), p.wpd + (us — us))
=g wpd
Therefore we have 11 = 15 by Theorem 1 so that memasr(p(1)1 —
P2)) — memast(Y2) < memasr(p) — memasr (1) by Lemma 2.
Next we show that

1.bpd =min(p.bpd + 11, p.wpd + 12)
=min(p.bpd + 11 + (I3 — I3), p.wpd + ls + (I3 — 13))
=min(p.bpd + I3 + (I1 — l3), p.wpd + I3 + (2 — 13))
=l3 + min(p.bpd + (11 — 13), p.wpd + (I3 — I3))
=19.bpd
Using Lemma 1 we see that mempode(Ay,) = mempode(Ojr,,u,]) since
11.bpd = 15.bpd. Then
memast (Y1 = ¥2)) =(memast (o1 = ¥2)) — memasr(Y2)) + memasr(i2)
=(memasr(p(1 = ¥2)) — memast(¥2)) + memnode(Ay,)
meMnode(D[iy,us]) + MeMnode (O, — 15,01 —us)) +
memast(¢1) + memnode (O, —15,us—us)) + memast(p2)

<(memasr(p) —memasr(¥1))+



(R4):

The pI‘OOf follows for O[ll,ul]w\/O[lg,uQ]w — 0[!3,743} (0[11—13,u1—u3]80 \ <>[l2—l3,u2—u3]w)'
: Then ¢y = Og,q)0p,u and ¥2 = OQlita,uta) Where [ < u. Therefore,

because ¥.wpd = pwpd + u + a = Yy.wpd and P; = Yy by Theo-
rem 1, we have memasr(o(1 — 1¥2)) — memast (V) < memasr(p) —
memast (1) by Lemma 2.

Next, using Lemma 1 we see that memyode(Oja,a]) = MmeMnode(Oita,uta])
since 11.bpd = p.bpd + 1 + a = 2.bpd. Then

memast (1 = Y2)) =(memast(p(1 = ¥2)) — memasr(P2)) + memasr(¥z)

=(memasr (1 — 1h2)) — memasr(Y2))+
meMpode(Qfi+a,uta)) + memasr(e)
<(memast(p) — memast(Y1))+
meMnode (Ofia,uta)) + memasr(p)
=(memast(p) — memasr(¥1))+
meMnode(Da,a)) + memast ()
<(memast(¢) — memast (V1)) + memuode(Dja,a))+
MmeMnode (1)) + memast(p)
=(memasr(p) —memasr (1)) + memasr (1)

=memasTt(®)

The proof follows for Q[l,u]D[a,aW — <>[z+a,u+a]% O[Q,Q]D[l’uw = Ojta,uta)®s
D[l»u]o[a,a]@ — D[l+a,u+a]<,0 follows.

Then ¥1 = U, 0,10 A Uliy,ug) and P2 = U, oy where I < ug,lz < ug,
l1 <ly <wup +1, and uz = maz(ug, us). We show that

Y1.wpd =max(p.wpd + uy, @.wpd + ug)
=p.wpd + max(ui,us)
=p.wpd + us
=ths.wpd

Therefore we have 11 = 19 by Theorem 1 so that memasr(p(¥1 —
¥9)) — memasr(¥2) < memasr(p) — memasr(¢1) by Lemma 2.

Next we show that

1.bpd =min(p.bpd + 11, p.wpd + 13)
=.bpd + min(ly,l2)
=p.bpd + 11
=tp2.bpd



Using Lemma 1 we see that mempoge(A) = memnode ((y, uy)) since ¢ .bpd =
1o.bpd. Then

memast(p(P1 = Pa)) =(memast(p(P1 + P2)) — memasr(2)) + memasr (1)
=(memast(p(¥1 = ¥2)) — memasr(¥2))+
meMnode(1, ug]) + Mmemasr ()
<(memast(p) — memasr(P1))+
memmde(D[l&us]) + memasr(p)
=(memasr(p) — memasr(¥1))+
MEMpode(A) + memasT (@)
<(memast(p) — memasT (V1)) + mempoge (N)+
meMnode(O1; uy)) + MeMnode(O1y,uy)) + 2 - memast ()
=(memasr(p) — memasr(¢1)) + memasr (1)

=memast ()
The proof follows for O, w19V Qi usl® — Oty us] P

(R5): Let 91 = Oy, w2 V Oy us) e and ¥ = O, 4y where Ip <o <up <y
and [y = I3, ug = ug. We show that

Y1.wpd =max(p.wpd + uy, @.wpd + ug)
=p.wpd + max(uy, ug)
=p.wpd + uq
>p.wpd + us
=p.wpd + ug
=1y wpd

Therefore we have 11 = 15 by Theorem 1 so that memasr(p(1p1 —
¥2)) —memast(¥2) < memasr(p) — memasr (1) by Lemma 2.

Next we show that

¥1.bpd =min(p.bpd + 11, p.wpd + 13)
=.bpd + min(ly,l2)
=p.bpd + 11
<@.bpd + 1o
=p.bpd + I3
=1ba.bpd

Using Lemma 1 we see that memyode (V) = memnode (O, u,)) since ¢1.bpd <

10



19.bpd. Then

memast(p(P1 + Pa)) =(memast(p(P1 + P2)) — memasr(2)) + memasr (1)
=(memasr(p(¢1 — ¥2)) — memasr(¥2))+
meMnode(ig ug] ) T Memast (@)
<(memasr(p) — memasr(¥1))+
meMnode(Diy us) o) T Memast (@)
=(memasr(p) — memasr(¥1))+
MmeMpode(V) + memast (@)
<(memast(p) — memasr (Y1) + mempode(V)+
meMnode(i; uy)) + MeMnode (g uz)) + 2 - memast ()
=(memasr(p) —memasr(¥1)) +memasr (Y1)
=memasTt(®)

(R6): Let 1 = Og,a)(@Uputb) and ¢ = ©Uquta)? where I < u. There-
fore, because ¥1.wpd = max(p.wpd,Y.wpd) + u + a = maz(p.wpd +
u+ a,p.wpd + u + a) = Yo.wpd and ¥; = 9 by Theorem 1, we have

memast (@Y1 = ¥2)) —memasr () < memagr(p) —memasr (1) by
Lemma 2.

Next, using Lemma 1 we see that mempode(Oa,q)) = MeMnode Uji+a,uta])
since ¥1.bpd = min(p.bpd, ¥.bpd)+l+a = min(p.bpd+1+a, ¥ .bpd+l+a) =
19.bpd. Then

memast (p(Y1 + Pa)) =(memast(p(¥1 = P2)) — memasr(12)) + memasr (1)
=(memast(p(Y1 = ¥2)) — memasr(¥2))+

meMnode Ui4a,uta)) + memast (@) +memasr ()
<(memasr(p) — memasr(¥1))+

meMnode Uita,u+a)) + memast(@) +memasr ()
=(memast(p) — memasr(11))+

memnode(a,a)) + memast (@) + memasr(¥)
<(memast (@) — memast (V1)) + memapode(Oja,a))+

MeMnode(Up,u)) + memasr(¢) +memasr ()
=(memast(p) — memasr (1)) + memasr(¢1)
=memasr(p)

A

The proof follows for (Ojq,410)Uj1,u) (Oja,a)¥) — YU+a,u+a]¥-

(R7): Let ¥1 = (o1lf1,uy1p2) A (3U[1uz)p2) and o = (01 A @3)Uj 00y 02 Where
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[ <uy, L <wug, up < usg, and ug = uy. We show that

1.wpd =max(max(p1.wpd, ps.wpd) + w1, maz(es.wpd, ps.wpd) + ug)
>max(mazx(p1.wpd, ps.wpd) + w1, mazx(ps.wpd, ps.wpd) + uq)

=max(max(p1.wpd, p3.wpd), p2.wpd) + uy

b
)

(maa( )

(maa( )

=maz(max (1. wpd, p2.wpd), max(ps.wpd, 2.wpd)) + uy
(maa( )

=max(max(p1.wpd, p3.wpd), pa.wpd) + us

=1po.wpd

Therefore we have 11 = 15 by Theorem 1 so that memasr(p(1)1 —
12)) — memast(¥2) < memasr(p) — memagr (1) by Lemma 2.
Next we show that

¥1.bpd =min(min(e1.bpd, p2.bpd) + 1, min(ps.bpd, w2.bpd) + 1)
=min(min(p1.bpd, ©2.bpd), min(ps.bpd, p2.bpd)) + 1
=min(min(y1.bpd, ps3.bpd), p2.bpd) + 1
=tho.bpd

Using Lemma 1 we see that mempode(Ay,) = MmeMpode(Uyu,)) since
11.bpd < 1hg.bpd. Then

memast (Y1 = ¥2)) =(memast (o1 + 2)) — memasr(Y2)) + memasr ()
=(memast(p(¥Y1 = ¥2)) — memasr(¥2))+
meMnode(Uj,us)) + MEMnode (N, )+
memast(p1) +memasr(p2) +memasr(©3)
<(memast(p) — memasr(¥1))+
meMnode (Uji,ug)) + MeMnode(Ay, )+
mem st (p1) +memast(p2) + memasr(p3)
=(memasr(p) — memasr(¥1))+
MeMunode (Npy ) + MeMpode (Apy )+
memast(p1) + memasr(p2) + memasr(ps)
<(memasr () — memasr(¥1)) + meMpode(Ayp, )+
MeMnode(Up,uy]) + MeMnode Ul uy))
memast (1) +memasr(p2) + memasr(es)
=(memast(p) — memasr(¥1)) + memasr (1)

=memast(p)

The proof follows for (01U} u,102) V (P1l[1us)93) — 11w, (P2 V ©3).
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(R8): Let 1 = ol uy)5010,us]®s Y2 = Oy iqu,) where I < uy. We show that

Y1.wpd =max(p.wpd, p.wpd + u1) + ug
=p.wpd + uy + usg
>pawpd + 1+ us
=tho.wpd

Therefore we have 1 = 12 by Theorem 1 so that

memasT(p(Y1 = P2)) — memast(P2) < memasr(p) — memast (Y1)
by Lemma 2. Next we show that
¥1.bpd =min(p.bpd, p.bpd + 0) + 1
=p.bpd + 1
=tho.bpd

Using Lemma 1 we see that memode(Ui,u,]) = MeMnode(Ot,14-u,]) since
11.bpd < 1hs.bpd. Then

+ memagr(¥2)
_l’_

memast(p(Y1 = 2)) =(memasr(p(P1 — Y2)) — memasr(¥2))
=(memast(p(¥1 — ¥2)) — memagsr(12))
meMnode(1,14-us]) + MEMnode () +
<(memasr(p) — memasr(¥1))+
meMnode(1,14-us]) + MeMnode () +
=(memast(p) — memasr(i1))+
meMnode Uj,uy]) + MEMpode ()
<(memast (@) — memast (Y1) + memanode U, u,))+
meMnode([0,uz]) + 2 - MEMpode ()
=(memasr(p) — memasr(¥1)) +memasr (Y1)
=memasr(p)

The proof follows for ol ,,1010,us1P = Qpt,14-us)P-
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